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We address the possibility of finding domain wall solutions from cosmological solutions in brane
cosmology. We find first-order equations for corresponding cosmology/domain wall solutions in-
duced on 3-branes. The quadratic term of energy density in the induced Friedmann equation plays
a non-standard role and we discuss the way the standard cosmological and domain wall models
are recovered as the brane tension becomes large and show how they can be described by four-
dimensional supergravity action in such a limit. Finally, we show that gravity on the 3-brane is
locally localized as one moves away from the two-dimensional domain walls living on the brane.
PACS numbers: 04.65.+e, 11.27.+d, 98.80.Jk
I. INTRODUCTION
The evolution of a 3-brane universe in the Randall-Sundrun scenario has been recently considered in the literature
[1, 2, 3]. The Einstein equations for braneworld cosmology admits a first integral that governs the cosmological
evolution on the 3-brane, without any mention to the bulk evolution behavior. This first integral involves a modified
Friedmann equation, in which the energy density contributes with both linear and quadratic terms. The trace of the
five-dimensional spacetime is revealed at high energy by the quadratic term, whereas the four-dimensional standard
cosmology is recovered in the low energy limit.
In this paper we consider the cosmological evolution on the 3-brane driven by a real scalar field. We are able to
find first-order equations satisfying the equations of motion, by making a suitable choice of the scalar field potential
written in terms of a ‘superpotential’ in a non-standard way, with the standard scalar potential of a four-dimensional
supergravity theory being recovered at relatively low energy.
In order to make a correspondence between brane cosmology solutions and domain wall solutions living on the 3-
brane, we consider the domain wall counterpart of the brane cosmology set up aforementioned, by carrying out analytic
continuations which leads the time coordinate into a space coordinate on the 3-brane. At late times, the familiar scalar
potential of a four-dimensional supergravity is recovered and then supergravity domain walls correspond to standard
cosmology. In this regime the correspondence here falls into the framework already developed in Refs. [4, 5, 6, 7, 8, 9].
Concerning the global behavior of the analytic continued 3-brane solution, our results show that gravity is localized
on the 3-brane with the most concentration where there exists two-dimensional domain walls living in. As one goes
far from such domain walls the gravity tends to be locally localized on the brane, i.e., after its falloff around the
brane, the brane warp factor develops returning points and goes back to infinity just as in the Karch-Randall scenario
[10]. On the domain walls, the brane is flat assuming a four-dimensional Minkowski geometry [1], whereas far from
the domain walls the brane is bent [7, 8] and assumes a four-dimensional Anti-de-Sitter (AdS4) geometry – see, e.g.,
Refs. [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22].
The paper is organized as follows. In Sec. II we present the first-order framework for non-standard brane cosmology
and consider explicit examples. In Sec. III, we extend this framework for domain walls solutions by carrying out an
analytic continuation and there we also consider some explicit examples. In Sec. IV, we show how the localization of
gravity is affected by the localization of the two-dimensional domain walls on the brane. Finally in Sec. V we present
our conclusions.
II. FIRST-ORDER FRAMEWORK
In this paper we extend the first-order formalism recently considered in [6] to the case of the non-standard Friedmann
equation which appears in brane cosmology [23, 24]. The metric describing the cosmological evolution on a 3-brane is
ds25 = −n2(t, r)dt2 + a2(t, r)γijdxidxj + b2(t, r)dr2 , (1)
2where γij is a maximally symmetric 3-dimensional metric with spatial curvature k = −1, 0, 1. The five-dimensional
Einstein equations are found for the action of a 3-brane embedded in a five-dimensional bulk, i.e.,
S5=− 1
2κ25
∫
d5x
√−g(R + Λbulk) +
∫
d5x
√−g δ(r)L, (2)
where L describe the dynamics on the brane. Below we shall assume κ24 = 8piG ≃ κ45σ/6 = 2. We are interested
in the case where the five-dimensional bulk is an AdS5 spacetime [3], with the cosmological constant defined as
ρbulk ≡ Λbulk = −σ2κ25/6 which satisfies the Randall-Sundrum fine tuning [1].
Let us start with the induced Friedmann equation on the brane given by
H2 =
2
3
ρ
(
1 +
ρ
2σ
)
, (3)
where H = a˙0/a0 and a0=a(t, r=0) is the scale factor on the brane worldvolume with the metric
ds24 = −dt2 + a20(t)(dx2 + dy2 + dz2). (4)
Here ρ is the energy density on the brane, σ is the brane tension and ρbulk 6= 0 was recast in terms of σ. The quadratic
nature of the density ρ is due to junction condition across the 3-brane [3] embedded in the bulk with five dimensions.
The equation involving the pressure p is
H˙ = −(ρ+ p)
(
1 +
ρ
σ
)
. (5)
The equations (3) and (5) can be found from the Einstein equations on the 3-brane [25], (4)Gµν = −Λ4qµν +κ2(4)Tµν+
κ4(5)piµν − Eµν , where Λ4 and qµν are the cosmological constant and the metric on the brane, respectively. piµν is
quadratic in the energy-momentum tensor Tµν and Eµν is part of the five-dimensional Weyl tensor. The standard
cosmology is recovered as σ becomes sufficiently large, i.e., κ4(5) ∼ 1/σ ∼ 0. Since, in our case, we are disregarding Λ4
and Eµν , the brane dynamics in this regime is governed by the effective action
Seff4 = −
1
2κ2(4)
∫
d4x
√−q
(
(4)R − 2κ2(4)L
)
. (6)
This equation will be useful for identifying a four-dimensional ‘supergravity’ action later. Let us now assume that the
brane cosmology is driven by a scalar field whose Lagrangian density is
L = −1
2
∂µφ∂
µφ− V (φ), (7)
with µ = 0, 1, 2, 3. Thus, the familiar equations for the energy density ρ and the pressure p are
ρ =
1
2
φ˙2 + V (φ), (8)
p =
1
2
φ˙2 − V (φ). (9)
By applying the induced equation of conservation for the energy density on the brane, i.e., ρ˙+3H(ρ+ p) = 0, we find
ρ˙ = −3Hφ˙2. (10)
The scalar field dynamics is governed by the equation of motion
φ¨+ 3Hφ˙+
∂V
∂φ
= 0. (11)
Since ρ ≡ ρ(φ), we use the fact that ρ˙ = ρ′(φ)φ˙, such that Eq. (10) becomes
φ˙ = −ρ
′(φ)
3H
. (12)
3To get to the first-order equations, we follow the procedure of [6], e.g. we introduce W = W (φ) and define
H = a˙0/a0 = W (φ), such that we have the following first-order equation
a˙0
a0
= W (φ), (13)
which allows us to rewrite the Eq. (3) in the form
ρ2 + 2σρ− 3σW 2 = 0. (14)
This algebraic equation has the following solutions
ρ± = −σ ± σ
√
1 +
3W 2
σ
. (15)
We consider the solution with the upper sign, because of the positive energy condition. Thus, by differentiating the
Eq. (15) it is not difficult to find that
ρ′(φ) =
3WWφ√
1 + 3W
2
σ
. (16)
The above Eq. (12) can be now written as a first-order equation for the scalar field φ and the ‘superpotential’ W , i.e.,
φ˙ = − Wφ√
1 + 3W
2
σ
. (17)
One can easily check that the two first-order equations (13) and (17) satisfy the two second-order equations (5) and
(11).
The scalar potential V (φ) can be found via Eqs. (8), (15) (upper sign), and (17). It has the explicit form
V (φ) = −σ + σ
√
1 +
3W 2
σ
− 1
2
W 2φ
1 + 3W
2
σ
. (18)
For a large brane tension σ, such that W 2/σ ≪ 1, one can expand the potential in a power series as
V (φ) =
3
2
W 2 − 1
2
W 2φ +
3
2
W 2φ
W 2
σ
+ · · · (19)
where the standard potential [6] is recovered by taking into account only the familiar quadratic terms
V (φ) ≃ 3
2
W 2 − 1
2
W 2φ . (20)
Under similar approximations the standard first-order equation is recovered by turning on only linear terms in Eq. (17).
On the other hand, for small brane tension, such that W 2/σ ≫ 1, the scalar potential approaches
V (φ) ≃ σ
√
3
σ
|W |, (21)
and the first-order equation now reads
φ˙ ≃ −
√
σ
3
Wφ
|W | . (22)
Substituting (21) and (22) into the second-order equation (11), one finds that φ¨ ≃ 0, for W > 0. This is precisely the
slow-roll regime. Since φ¨ ≃ 0, thus for consistency φ˙ ≃ const. This implies that we can determine the ‘superpotential’,
the inflaton solution for (22), and the scale factor solution for (13) given by
W (φ) = V0 e
αφ, φ(t) = −
√
σ
3
α(t − t0), a0(t) = a0 exp
[
−V0
√
3
α2
√
σ
exp
(−α2√σ√
3
(t− t0)
)]
, (23)
4where α and V0 are constants, being V
2
0 /σ ≫ 1 consistent with the regimeW 2/σ ≫ 1. For α > 0 (α < 0), the Universe
develops inflation at later (earlier) times t < t0. The exponential potential is also consistent with string/M-theory.
Conversely, for V 20 /σ ≪ 1 one gets to the regime W 2/σ ≪ 1, and the potential (21) and the first-order equation
(22) do not make sense anymore. Instead, in this regime one recovers the previous analysis with the scalar potential
(20). Thus V 20 /σ is assumed to be the coupling connecting asymptotic regimes of the exact potential (18) given in
the form
V (φ) = −σ + σ
√
1 +
3V 20
σ
e2αφ − 1
2
V 20 α
2e2αφ
1 +
3V 2
0
σ e
2αφ
. (24)
As α >
√
3, this potential develops a minimum at
φ0 =
1
α
ln
[√
α4/331/3σ − 3σ
3V0
]
. (25)
To ease comparison, in Fig. 1 we depict the two regimes. Note that as V 20 /σ increases, the scalar potential approaches
the form given in (21. On the other hand, as V 20 /σ decreases, the scalar potential (24) approaches the form (20). In
this regime, the rolling inflaton field could eventually achieve the vacuum
Λ ≡ V (φ0) = −1
2
e2αφ0(−3 + α2)V 20 . (26)
It is clear from the equation above, that for α >
√
3, one finds Λ < 0, which corresponds to an AdS4 vacuum.
Moreover the negative vacuum at φ0 signalizes the possibility of the Universe undergoing an oscillatory expansion
[26]— see Fig. 1. Recall that, in our model, the Universe is infinite and flat (k = 0). For α <
√
3, the potential has
only the minimum φ0 = 0, and Λ = −(1/2)(−3 + α2)V 20 > 0 corresponds to a dS4 vacuum. This produces inflation
only at late times.
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FIG. 1: The scalar potential V (φ) for small (σ = 1) and large (σ = 3× 103) tension, with V0 = 1/20 and α =
p
7/2. For large
σ, the minimum occurs at φ0 = 2.85 such that our Universe (infinite and flat) can undergo an oscillatory expansion.
The cosmological scenario discussed above is particularly interesting, because the coupling V 20 /σ can vary as the
brane inflates, such that the potentials pictured in Fig. 1 are asymptotic limits of a same scalar potential governing
the brane evolution at high and low energy scales. However, other interesting cosmological scenarios are those where
one fixes V 20 /σ = 1, which allows for a wider class of ‘superpotentials’. In the following we shall investigate such
scenarios by using examples where W ∝ √σ all times.
A. Cosmological Examples
Given that many examples [6, 7, 8, 9] have been previously considered in the literature for low energy limit of
theory we describe above, let us now consider some examples for the exact theory. For W (φ) =
√
σ/3 sinhφ, the
5Eq. (17) is easily integrated whose solution is simply
φ = −
√
σ
3
(t− t0). (27)
The scale factor a0(t) on the brane can also be readily found by using the equation (13) and the solution (27). Its
form is given by
a0 = exp
[
− cosh
√
σ
3
(t− t0)
]
. (28)
The larger is the brane tension (i.e., the standard cosmology regime), the later the inflation occurs. On the other
hand, for small brane tension one deviates from the standard cosmology and inflation occurs only at earlier times —
See Fig. 2. Note that the end of inflation occurs at a time t0, with decelerating universe for t > t0, in a way similar
to the case of quadratic chaotic inflation models [27].
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FIG. 2: The scale factor a0(t) for σ = 1/2 (thin line) and for σ = 1/5 (thick line). The larger (smaller) σ favors later (earlier)
inflation. Note the end of inflation at t0 = 10.
Let us now consider the example with W (φ) =
√
σ/3 tan (φ). Here the solutions are given by
φ = ∓ arcsin
(√σ
3
(t− t0)
)
(29)
and
a0± = exp
[
±
√
−σ
3
(t− t0)2 + 1
]
. (30)
The inflaton field (29) behaves in a singular way. The scale factor is depicted in Fig. 3. Note the two possibility of
‘limited’ expansion a+ and a−, with inflation beginning (a0−) or ending (a0+) at t0 = 10.
III. DOMAIN-WALL/BRANE-COSMOLOGY CORRESPONDENCE
It is now well-known that one can use cosmological solutions to find domain wall solutions, and vice-versa, by
making use of analytic continuation [5, 8, 9, 28, 29, 30].
All the developments above can be extended to give rise to domain wall solutions living on the four-dimensional
brane world-volume. To carry out analytic continuation we make
W → iW˜ , (31)
H → iH˜, (32)
t→ iy, (33)
y → it, (34)
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FIG. 3: The scale factor a0±(t) for σ = 1/20 (thin line) and for σ = 1/30 (thick line). Note the two possibility of limited
expansion, with inflation beginning or ending at t0 = 10.
where H˜ = a′0/a0 = −W˜ . The original four-dimensional metric (4) describing cosmological solutions on the brane can
now be written as
ds24 = dy
2 + a0
2(y)(−dt2 + dx2 + dz2). (35)
This metric represents solutions of two-dimensional flat domain walls within asymptotically four-dimensional
Minkowski (M4) or anti-de Sitter (AdS4) spacetime [5, 28]. These domain walls are of current interest to cosmology
[31, 32].
Since the domain wall solutions are analytic continued from the previous cosmological solution, we cannot find
asymptotically four-dimensional de Sitter (dS4) spacetime here. Now, the first-order equations are given by
φ′ =
W˜φ√
1− 3fW 2σ
, (36)
a′0
a0
= −W˜ . (37)
These first-order equations satisfy the second-order equations (5) and (11) by properly carrying out the analytic
continuation. The scalar potential assumes the form
V˜ (φ) = −σ + σ
√
1− 3W˜
2
σ
+
1
2
W˜ 2φ
1− 3fW 2σ
. (38)
As in the previous case, in the limit W˜ 2/σ ≪ 1 we get
V˜ (φ) ≃ 1
2
W˜ 2φ −
3
2
W˜ 2. (39)
The Eqs. (6)-(7) and (39) can be identified with the bosonic sector of a four-dimensional supergravity theory [4, 5, 8, 9].
Some important comments are in order. The superpotentials are clearly connected as W 2 ←→ −W˜ 2 W 2φ ←→ −W˜ 2φ .
We note that in the limit of low energy (W˜ 2/σ ≪ 1 or W 2/σ ≪ 1) the potentials (20) and (39) are related as
V (φ) ←→ −V˜ (φ) in the brane, although this is not the case for the exact potentials, as we can see from Eqs. (18)
and (38). This identification would be possible if we also made σ → −σ, which would require another brane, together
with the analytic continuation. In doing so, the domain wall/brane cosmology correspondence would be possible only
between branes with tension of reversed signals. Since the exact potentials hold at both high and low energy regimes,
let us consider the following reasoning: at high energies, a large amount of branes (σ) and anti-branes (−σ) is favored,
such that the correspondence in a brane-anti-brane pair (−σ, σ) takes place for exact potential V (φ) at one brane and
−V˜ (φ) at the other. Because branes and anti-branes tend to annihilate, at low energy regime an asymmetry in the
brane-anti-brane number ends up favoring the correspondence in a single brane σ (or −σ). This is precisely what the
non-exact potential identification above in the limit of low energy indicates.
7For domain walls, the superpotential should be a limited function, i.e., |W˜ | ≤
√
σ/3. Thus, at the vacua W˜φ = 0,
the potential can only reach the values V˜ (φvac) = −σ (AdS4 spacetime) or V˜ (φvac) = 0 (M4 spacetime), as we
have already anticipated. Such a restriction on W˜ helps us to choose an acceptable superpotential in a smaller set
of functions. Many limited functions we can investigate though our preferred examples here will be those that can
be integrated analytically. Functions such as cos(φ), sin(φ), tanh(φ) and sech(φ) are good examples. The domain-
wall/brane-cosmology correspondence, with the restricted set of superpotentials for domain wall solutions, can guide
ourselves to find corresponding cosmological solutions in a smaller set of ‘superpotentials’.
A. Domain Wall Examples
Let us consider some examples. One of them is the analytic continued example that we obtain from the cosmological
one: W˜ (φ) =
√
σ/3 sinφ. The first-order equations (36) and (37) can be easily integrated to give the simple solution
φ =
√
σ
3
(y − y0), (40)
and
a0 = exp
[
cos
√
σ
3
(y − y0)
]
. (41)
This solutions is depicted in Fig. 4. Note that it represents an array of domain walls, centered around y0=10, 20, 30, . . .
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FIG. 4: The “warp” factor a0(y) for σ = 1/2 (thin line) and for σ = 1 (thick line).
We now consider the example W˜ (φ) =
√
σ/3 tanh(φ). The solutions are
φ = ±arcsinh
(√σ
3
(y − y0)
)
, (42)
and
a0∓ = exp
[
∓
√
σ
3
(y − y0)2 + 1
]
. (43)
The kink–anti-kink profile which appears from (42) connect the same vacua. In spite of this, the geometry (43) has
totally different asymptotic behavior, i.e., whereas the ‘warp’ factor a0+ diverges the ‘warp’ factor a0− does not. The
non-divergent ‘warp’ factor a0− is depicted in Fig. 5.
Another interesting example is given by W˜ (φ) =
√
σ/3 sech(φ). The solutions are
φ = ∓arcsinh
(√σ
3
(y − y0)
)
, (44)
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FIG. 5: The ‘warp’ factor a0−(y) for σ = 1/2 (thin line) and for σ = 1 (thick line), centered around y0 = 10.
and
a0∓ =
[√
σ
3
(y − y0) +
√
σ
3
(y − y0)2 + 1
]∓1
. (45)
Again the kink–anti-kink profile which appears from (44) connect the same vacua. However, the corresponding
geometry (45) diverges asymptotically, i.e., for y →∞ (y → −∞), a+ (a−) diverges. The solutions a0+ and a0− can
be patched together at y0 = 10 to form a well behaved “warped” geometry for the domain walls on the brane. The
solutions are pictured in Fig. 6.
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FIG. 6: The “warp” factor a0∓(y) for σ = 1/20 (thin line) and for σ = 1/30 (thick line), centered around y0 = 10. For y →∞
(y → −∞), a0+ (a0−) diverges.
IV. THE GLOBAL BEHAVIOR OF THE BRANE SOLUTION
Here we will examine how the analytic continued warp factor a(t→ iy, r) feels the effect of the domain wall solutions
on the brane. We specially investigate the behavior of the warp factor as we move far from the domain wall, such
that the brane geometry changes from a Minkowski (M4) to an asymptotically AdS4 geometry.
The original time-dependent warp factor solution for a 3-brane embedded in AdS5 spacetime [3] is given by
a(t, r)=
[(
1 +
κ25ρ
2
b
6ρbulk
)
a20
2
+
(
1− κ
2
5ρ
2
b
6ρbulk
)
a20
2
cosh(µr) − κ5ρb√−6ρbulk a
2
0 sinh(µ|r|)
]1/2
, (46)
where µ = (1/3)(κ45σ
2)1/2. We have disregarded the radiation ‘C−term’ and the curvature ‘k−term’ and applied the
9Randall-Sundrum fine tuning. We thus recast ρbulk = −σ2κ25/6 and recognize the energy density on the brane as
ρb = ρ+ σ = σ
√
1− 3W˜
2
σ
. (47)
By carrying out the analytic continuation previously discussed, the scale factor and brane energy density in (46)
changes as a0(t)→ a0(y) and ρb(t)→ ρb(y). Recalling that W˜ = −a′0/a0, we write the metric solution (46) in terms
of the domain wall ‘warp’ factor a0(y) as
a(y, r) =
[
3
2
a′0
2
(y)
a20(y)σ
+
(
1− 3
2
a′0
2
(y)
a20(y)σ
)
cosh(µr) −
√
1− 3 a
′
0
2(y)
a20(y)σ
sinh(µ|r|)
1/2 a0(y). (48)
The global behavior of the metric (46) depending on the domain walls living inside the brane is depicted in Fig. 7.
The figure shows the localization of gravity on the brane changing as we move away from the domain wall — here we
applied the solution (43). The brane warp factor is peaked around the brane centered at r=0 as we are settled on
the domain walls centered at y = y0. However, the brane warp factor presents returning points [10] as we move far
from the domain walls at the positions, say, y = y0 + 1, y = y0 + 5, and so on. This behavior shows that at y = y0
the geometry on the brane approaches a Minkowski (M4) geometry which leads to a global localization of gravity on
the brane [10, 16].
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FIG. 7: The warp factor a(y, r) at y = y0 (thick line), y = y0 + 1 (thin line), and y = y0 + 5 (thinner line), being y0 = 10,
σ = 1, and κ25 = 2.
On the other hand, the more we move to positions far from the domain walls the more we approach a vacuum with
negative cosmological constant V˜ (φvac) = −σ inside the brane which implies an AdS4 geometry on the brane. In such
regime the brane warp factor after falling off tends to turn around and grow toward infinity. This reproduces the
effect of ‘locally localized gravity’ encountered in the Karch-Randall scenario [10, 16] — see e.g. [33] for more recent
investigations. The main point here is that now one can understand the changing of the ‘cosmological constant’ on
the brane through the presence of domain walls.
V. CONCLUSIONS
In this paper we have addressed the issue of otbaining first-order equations and making a correspondence between
brane cosmology solutions to domain wall solutions, by carrying out analytical continuation of the brane cosmology
solution [3].
We have been able to find first-order equations that satisfy the second order equations governing the geometry and
the scalar field on the brane. We have shown that at the low energy limit, the first-order equations can be related to
the same first-order equations found in four-dimensional supergravity action [4, 5]. In this limit one recovers a corre-
spondence similar to the domain-wall/cosmology correspondence, well discussed recently in the literature [8, 9], where
the first-order equations for domain walls associated with Killing spinors equations are identified with the first-order
equations for cosmology. An important point should be noted here. In the usual domain-wall/cosmology correspon-
dence, a (d − 1)-brane solution, regarded as a (d − 1)-dimensional domain wall solution, is analytically continued to
10
play the role of a cosmological solution in a (d + 1)-dimensional FRW spacetime, and vice-versa. Differently, in the
present work only the domain-wall and cosmological brane solutions inside the 3-brane are elements involved in the
correspondence. However, it happens that the domain-wall/brane-cosmology correspondence on the 3-brane is similar
to the usual domain-wall/cosmology in the low energy limit. At this regime a supergravity at four-dimensions that
comes out on the brane, essentially carries most of the characteristics of the (d−1)-dimensional domain-wall/cosmology
correspondence [4, 5, 8, 9]. Several issues are still open to be addressed elsewhere, such as investigating the corre-
spondence pointed out here in a higher dimensional domain-wall/brane-cosmology correspondence in low and high
energy limits.
As a consequence of the correspondence, we have found another interesting result, which shows that the corre-
sponding domain wall solutions play an interesting role on the brane. At asymptotic limits, they connect Minkowski
(M4) geometry to AdS4 geometry on the 3-brane. Thus, they are closely related with global and local localization of
gravity on the brane [10, 16]. A point to be naturally addressed in this new framework would be to investigate the
graviton spectrum by perturbing the analytically continued brane cosmology solution.
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